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We describe the structure of the Witt group W SK of any Hasse domain SK
of a global ﬁeld K by explicitly determining its cyclic direct summands and genera-
tors of each such summand. Using this description we ﬁnd a sufﬁcient condition for
the existence of Witt ring isomorphism W SK ∼= W S′ L. We give also the neces-
sary and sufﬁcient condition for the existence of Witt ring isomorphism WK → WL
of global ﬁelds K and L mapping the Witt ring W SK onto the Witt ring W S′ L.
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1. INTRODUCTION
The structure of the Witt ring of symmetric bilinear forms over the ring
of algebraic integers was determined in [4, 9, 14]. In this paper we shall
be concerned with Witt rings of Hasse domains of global ﬁelds. The Hasse
domains include the rings of algebraic integers and their analogs in global
function ﬁelds. We will consider only global ﬁelds of characteristic different
from 2. Whenever we use the term global ﬁeld it is to be understood that
we mean global ﬁeld of characteristic different from 2.
Let K be a global ﬁeld. A Hasse set on the ﬁeld K is a ﬁnite nonempty
set of primes of K containing the set of all inﬁnite primes of K. The Hasse
domain associated with S is the ring
S = SK = a ∈ K 	 ord a ≥ 0 for all  /∈ S
The ring K of integers of an algebraic number ﬁeld K is the Hasse
domain associated with the set S = ∞K consisting of all inﬁnite primes
of K. If K is a global function ﬁeld, with q its ﬁnite ﬁeld of constants,
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then every Hasse domain of K can be realized as the integral closure in
K of the polynomial ring qx for a suitable choice of x ∈ K (see [12,
Proposition 7]).
The ring SK is frequently called the ring of S-integers of K. The unit
group US = USK and the ideal class group CS = CSK of SK are
called S-unit group of K and S-class group of K, respectively. The narrow
ideal class group C+S = C+S K of SK is called the narrow S-class group
of K.
For any commutative ring R, let WR denote the Witt ring of nonsingular
symmetric bilinear forms over R. Let K be a global ﬁeld and S be a Hasse
set on the ﬁeld K. For each ﬁnite prime  of K let K be the residue class
ﬁeld of the -adic completion K. Then with  running through all primes
 /∈ S we have the following Knebusch–Milnor exact sequence:
0 −→ W S
i−→ WK ∂S−→ ∐
/∈S
W K
−→ CS/C2S −→ 1
Here i is the natural injection and the additive group homomorphism ∂S is a
direct sum (over primes  /∈ S) of the second residue class homomorphisms
of Witt groups ∂ 	 WK → W K. The deﬁnition of  and the proof of
exactness of this sequence can be found in [9, p. 93] and [13, p. 227].
In Sections 3 and 4 we determine the structure of Witt group W S in
terms of arithmetical invariants of K. We will ﬁnd generators of cyclic sum-
mands in the decomposition of the ﬁnitely generated abelian group W S
into the direct sum of cyclic groups. This will be accomplished by general-
ization of the approach presented in [5] and [14]. We will also discuss the
question of the splitting of 0→ W S → WK.
In Section 5 we ﬁnd a sufﬁcient condition for the existence of Witt ring
isomorphism W SK ∼= W S′ L. It is known when two global ﬁelds are
Witt equivalent, i.e., have isomorphic Witt rings (see [1, 11]). In Section 5
we also consider Witt equivalent global ﬁelds K and L and the isomorphism
φ 	 WK → WL of their Witt rings inducing the isomorphism of Witt rings
of their Hasse domains W SK and W S′ L.
We shall identify the ring W S with the kernel of ∂S . In this way every
element ϕ of the ring W S can be represented by a diagonal quadratic
form ϕ = a1     an for some n ∈  and a1     an ∈ K˙. We denote by
discϕ the signed discriminant of ϕ. To simplify notation, we shall use the
same symbol for the nonsingular symmetric bilinear form over K and its
similarity class in the Witt ring WK. We write DKa1     an for the set
of elements of K˙ represented by the form a1     an and a b for the
2-fold Pﬁster form 1 a ⊗ 1 b. We denote by IK the fundamental ideal
of WK consisting of even dimensional forms over K and by InK the nth
power of IK and we set IS = IK ∩W S .
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Now we ﬁx the notation for the arithmetical invariants of global ﬁelds.
For a global ﬁeld K, we write  = K for the set of all primes of K, and
2 = 2K for the set of all dyadic primes of K. By r = rK, c = cK,
g = gK we shall denote the number of inﬁnite real primes, the number
of pairs of inﬁnite complex primes, and the number of dyadic primes of K,
respectively. If K is nonreal (i.e., rK = 0), then we write s = sK for the
level of K. For the Hasse set S on K, lS = lSK denotes the 2-rank of the
S-class group CSK of K and l+S = l+S K denotes the 2-rank of the narrow
S-class group C+S K of K. We write mS for the number of ﬁnite primes in
S mS ≥ 0, m′S for the number of ﬁnite nondyadic primes in S, and m′′S for
the number of dyadic primes in S. Thus #S = r + c +mS = r + c +m′S +
m′′S . We will sometimes identify primes in  /∈ S with prime ideals of the
ring S determined by . If K is an algebraic number ﬁeld, then we write
CK and C+K for the ideal class group and narrow ideal class group of
K, respectively.
If K is a global function ﬁeld and  ∈ K then we write deg  for the
degree of prime  (i.e., deg  =  K 	 FK, where FK is a constant ﬁeld
of K).
In most cases, number ﬁelds and function ﬁelds will be dealt with simul-
taneously. Since all prime spots of global function ﬁelds are ﬁnite (nonar-
chimedean) and nondyadic, the statements about dyadic, real, and complex
primes are vacuously true for function ﬁelds.
2. GROUP OF S-SINGULAR ELEMENTS
If A is a ﬁnite abelian group and B is a subgroup of A such that
A2 ⊆ B, then the quotient A/B is an elementary 2-group and can be
equipped with the structure of a linear space over the 2-element ﬁeld 2.
In this sense we will use the notions connected with linear spaces (lin-
ear independence, basis, etc.). We will use frequently the same symbol
for element of A and its coset modulo B. The 2-rank rk2A of the group
A is equal to the dimension (over 2) of A/A2 and coincides with the
2-rank of A/A2 and with the 2-rank of the subgroup 2A consisting of ele-
ments of order ≤ 2.
Let K be a global ﬁeld and S be a Hasse set on K. We deﬁne the group
of S-singular elements of K.
ES = ESK = a ∈ K˙ 	 ord a ≡ 0 (mod 2) for every prime  ∈ S
For every a ∈ ES the principal ideal aS is the square of some frac-
tional ideal  of K at S. The map a → cl  is a surjective homo-
morphism from the group ES onto the subgroup 2CS with kernel USK˙2.
witt rings of hasse domains 607
Thus rk2 ES/K˙2 = rk2 USK˙2/K˙2 + rk2 CS . Since rk2 USK˙2/K˙2 =
rk2 US/ U
2
S = #S (by the Dirichlet unit theorem), we get
rk2 ES/K˙
2 = #S + rk2 CS = r + c +mS + lS(2.1)
We will identify the group US/U
2
S with its image under the natural
embedding US/U
2
S → K˙/K˙2.
Let K+ be the group of totally positive elements of K. We will denote
the group ES ∩K+ by E+S and the group US ∩K+ by U+S . We have the exact
sequence
1 −→ K2+U+S −→ E+S
κS−→ 2C+S −→ 1
where κS is deﬁned as follows. For b ∈ E+S the principal ideal bS is the
square of some fractional ideal  of K at S. Then κS sends b to the narrow
class of . Thus rk2 E
+
S /K
2
+U
+
S = rk2 C+S . Consider the diagram
E+S
K˙2 K2+U
+
S
K2+
The 2-rank of the group K˙2/K2+ is equal to r − 1 and from the Dirichlet
unit theorem we have rk2 U
+
S K
2
+/K
2
+ = rk2 U+S /U+S 2 = #S− 1. Therefore
rk2 E
+
S /K˙
2 = #S − r + rk2 C+S = c +mS + l+S (2.2)
We denote the subgroup E+S K ∩ Dk1 1 by DS and we write  for
the subgroup of 2CS generated by ideal classes cl  such that 2 = dS
for some d ∈ DS . The homomorphism κS induces a group epimorphism
E+S /DS → 2CS/ and we have an exact sequence
1 −→ U+S /U+S ∩DK1 1 −→ E+S /DS −→ 2CS/ −→ 1
Hence
rk2 E
+
S /DS = rk2 U+S /U+S ∩DK1 1 + rk2 2CS/(2.3)
If a ∈ ES then for each nondyadic ﬁnite prime  ∈ S the value of the
-adic Hilbert symbol −1 a is equal to 1. Thus the Hasse local–global
principle gives a simple description of the group DS by means of Hilbert
symbols:
DS = a ∈ ES 	 −1 a = 1 for all primes  ∈ S ∪2(2.4)
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We will denote the 2-rank of the group E+S /DS by uS = uSK.
For a Hasse set S on the global ﬁeld K we set
QS = QSK = a ∈ K˙ 	 a ∈ K˙2 for all primes  ∈ S
Then QS is a subgroup of E
+
S and K˙
2 ⊂ QS . The group QS is the kernel of
diagonal homomorphism
K˙/K˙2 −→ ∏
∈S
K˙/K˙
2
 
Lemma 2.1. Assume 2 ⊂ S.
(i) If e1     en ∈ QS are linearly independent in QS/K˙2 and
	1     	n ∈ S are primes of K such that(
ei
	i
)
= −1
(
ei
	j
)
= 1 for all i j ∈ 1     n i = j
then the S-ideal classes of 	1     	n are independent in CS/C
2
S .
(ii) rk2QS/K˙2 = rk2 CS .
Proof. In the case when K is an algebraic number ﬁeld and S is the set
of all inﬁnite and all dyadic primes of K the proof was found in [3]. The
same arguments give the proof in the general case. For details see also [15,
Propositions 5 and 6].
According to [11] we say that the Hasse set on K is sufﬁciently large when
S contains all dyadic primes of K and the order of the S-ideal class group
CS is odd.
Corollary 2.2. If S is a sufﬁciently large Hasse set on K then
(i) US/U
2
S = ES/K˙2,
(ii) the homomorphism US/U
2
S →
∏
∈S K˙/K˙2 is injective.
Example 2.3. Let K = qX be the rational function ﬁeld over q-
element ﬁeld q. Let S = 1     m be a Hasse set on K. From [6,
Theorem 1.1] it follows that the S-class group CS is a cyclic group of order
hS , where hS = gcddeg 1     deg m. Thus the 2-rank of the group CS
is equal to 1 when deg i is even for all i ∈ 1    m and is equal to 0
otherwise. According to (2.1) we have
rk2 ES/K˙
2 =
{
m+ 1 when ∀i deg i ≡ 0 (mod 2),
m otherwise.
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Example 2.4. Assume that K = 
√+, where + is a square-free
integer and let ν be the number of pairwise distinct prime divisors of
the discriminant of K. We write NK for the norm group of the exten-
sion K/
 and NK+ for the norm group of totally positive elements
of K, so NK+ = NK ∩ 
+. For Hasse set S on K, let NS be the
subgroup of 
+ generated by the set of norms of all ﬁnite primes of
S. According to [3, Prop. 3.3] the norm of an ideal induces an injective
homomorphism CK/CK2 → 
+/ NK . In an analogous way we can
show that the norm of an ideal induces an injective group homomorphism
C+K/C+K2 → 
+/NK+. Thus we have
rk2 CS/C
2
S = rk2 CK/CK2 − rk2NS/NS ∩  NK 
and
rk2 C
+
S /C
+2
S = rk2 C+K/C+K2 − rk2NS/NS ∩NK+
Recall that rk2 C+K = ν − 1, by the Gauss genus theorem; more-
over, rk2 C+K = rk2 CK when K is nonreal or −1 ∈ NK and
rk2 C+K = rk2 CK + 1, otherwise (cf. [3]). We write ηSη+S for the
2-rank of the group NS/NS ∩  NK and NS/NS ∩ NK+,
respectively. By (2.1) we obtain
rk2 ES/K˙
2 =
{
mS + ν − ηS when −1 ∈ NK,
mS + ν − ηS + 1 when −1 ∈ NK.
In the case when K is real, we have rk2 E
+
S K/K˙2 = mS + ν − η+S − 1, by
(2.2). If −1 ∈ NK, then equality NK+ =  NK holds; hence η+S = ηS .
Therefore we obtain
rk2 ES/E
+
S =

0 when k is non-real,
2 when −1 ∈ NK,
n+S − ηS + 1 when K is real and −1 ∈ NK.
3. NILRADICAL OF THE RING W S
In this section we determine the structure of nilradical W S of the
Witt ring W S of the Hasse domain S of a global ﬁeld K. Of course the
nilradical W S is equal to WK ∩W S where WK is the nilradical
of the Witt ring WK. If K is nonreal (i.e., r = 0), then WK = IK, so
W S = IS . When K is formally real (i.e., r > 0) then WK is the
kernel of the total signature homomorphism σ = σK 	 WK → r ; hence
W S = W S ∩ kerσ .
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Proposition 3.1. Let ϕ ∈ W S and a ∈ K˙; then
(i) discϕ ∈ ES/K˙2,
(ii) a ∈ W S ⇐⇒ a ∈ ES ,
(iii) 1−a ∈ W S ⇐⇒ a ∈ E+S .
Proof. (1) For every prime  ∈ S we have decomposition ϕ = ϕ1 ⊥ πϕ2
over local ﬁeld K, where π is the uniformizing parameter at . Then
0 = ∂ϕ = ϕ2. Hence the dimension of the form ϕ2 is even, so
orddiscϕ ≡ 0 (mod 2). The statements (2) and (3) follow easily
from (1).
Corollary 3.2. The discriminant homomorphism disc 	 IK → K˙/K˙2
induces group isomorphisms
IS/IS ∩ I2K −→ ES/K˙2
and
W S/W S ∩ I2K −→ E+S /K˙2
whose inverses send the square class of a onto the coset of the form 1−a.
Binary form ϕ over K of discriminant d has diagonalization ϕ = x−dx
for some x ∈ K˙. The following lemma states when such form belongs to
ring W S .
Lemma 3.3. Let x d ∈ K˙. Then x−dx ∈ W S iff d ∈ ES and d ∈ K˙2
for every ﬁnite nondyadic prime  ∈ S for which ord x is odd.
Proof. For every dyadic prime  the fundamental ideal IK is equal to
0, so ∂x−dx = 0. Assume  ∈ S is a nondyadic prime. If ord x is
even then x and −dx are -units modulo squares; hence ∂x−dx = 0.
If ord x is odd then ∂x−dx = x¯−dx¯. Hence ∂x−dx = 0 if
and only if d is a square at .
For a prime  of K, let h 	 WK → ±1 be the -adic Hasse–Witt
invariant (cf. [13, p. 80]).
Lemma 3.4. Assume a b ∈ K˙. Then a b ∈ W S iff −a−b	 = 1
for every prime 	 ∈ S ∪ 2. Moreover, a b ∈ W S if additionally
−a−b = 1 for every inﬁnite prime  of K.
Proof. For every dyadic prime  of K we have ∂a b = 0,
because I2K = 0. From [9, Chap. 4, Sect. 4] it follows that for a ﬁnite
nondyadic prime 	 the invariant h	 can be identiﬁed (on I2K) with the
second 	-adic residue class homomorphism ∂	. Thus a b ∈ ker ∂S iff
ha b = 1 for every nondyadic prime 	 ∈ S. Now it remains to notice
that h	a b = −a−b	.
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Let 1     g+m′S be the set of all ﬁnite primes of S ∪2 and denote
2S = ±1g+m′S−1 (in the case g +m′S = 1 we put 2S = 1).
Proposition 3.5. (i) The map
HS 	 W S ∩ I2K −→ 2S HSϕ = h1ϕ     hg+m′S−1ϕ
is a group isomorphism.
(ii) If f ∈ K˙ is totally negative and −f is a nonsquare at i, for i =
1     g +m′S , then every element of W S ∩ I2K is of the form f d,
for some d ∈ K˙.
Proof. Let ϕ ∈ W S ∩ I2K and assume hiϕ = 1 for i = 1     g+
m′S − 1. Let us observe that h	ϕ = 1 for every nondyadic prime 	 /∈ S and
hϕ = 1 for every inﬁnite prime , because ϕ ∈ WK. From Hasse’s
reciprocity law we obtain hg+m′S
ϕ = 1. Therefore the form ϕ belongs to
I3K (cf. [9, Theorem 5.8]), and so ϕ = 0, because the ideal I3K is torsion
free (cf. [7, p. 172]).
Assume α = 61     6g+m′S−1 ∈ 2S . Form [10, 71:19] it follows that there
exists d ∈ K˙ such that
(1) −f−di = 6i, for i = 1     g +m′S − 1,
(2) −f−dg+m′S =
∏g+m′S−1
i=1 6i,
(3) −f−d	 = 1 for every prime 	 ∈ S ∪2.
Then HSf d = α and by Lemma 3.4, f d ∈ W S ∩ I2K.
Corollary 3.6. The group W S is a ﬁnite abelian group of order
2c+g+mS+l
+
S +m′S−1.
Lemma 3.7. Assume a ∈ E+S is a nonsquare in K. Then the order of the
form 1−a in the group W S is equal to 2 when a ∈ DS and is equal
to 4 otherwise.
Proof. Notice that the order of every nonzero in W S is equal to 2 or
4, because 4 ·W S ⊂ I3K ∩WK = 0. The element 21−a belongs
to W S ∩ I2K and h21−a = −1 a. Thus the statement follows
easily from (2.4) and Proposition 3.5.
Proposition 3.8. The map a → 21−a induces a group isomorphism
E+S /DS ∼= 2 ·W S
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Proof. It is easy to verify that h21−ab = h21−a + 21−b
for each a b ∈ E+S and every prime  of K. Hence from Proposition 3.3 we
have 21−ab = 21−a+ 21−b. This proves that the correspondence
a → 21−a deﬁnes a group homomorphism E+S → 2 · W S. This
homomorphism is surjective. Indeed, from Corollary 3.2 it follows that for
every ϕ ∈ W S there exists a ∈ E+S and ψ ∈ W S ∩ I2K such that
ϕ = 1−a + ψ. Then 2ϕ = 21−a, because 2ψ ∈ W S ∩ I3K = 0.
The group DS is the kernel of this homomorphism, by Lemma 3.7.
Now we ﬁnd generators of cyclic direct summands in the decomposition
of the group W S (we will use the symbol ϕ for the cyclic group
generated by element ϕ). To this end we choose a basis a1     ac+l+S +mS
of E+S /K˙
2 in such a way that elements a1     auS form a basis of E
+
S /DS
and auS+1     ac+l+S +mS belongs to DS (when uS < c + l
+
S + mS). In the
case when K is nonreal the element −1 belongs to E+S and we make some
additional assumption about this element. Indeed, if sK = 4 then −1 /∈
DS , and we take a1 = −1. If sK = 2 then −1 ∈ DS and we take ac+l+S +mS =−1. Using Corollary 3.2 and Proposition 3.8 it is easy to check that the
forms 1−a1     1−ac+l+S +mS generate the direct cyclic summands of
the group W S and
I2K ∩
c+l+S +mS⊕
i=1
1−ai = 2 ·W S =
uS⊕
i=1
21−ai
If uS < g+m′S − 1, then according to Proposition 3.5 there exist elements
f di ∈ K˙, i = uS + 1     g +m′S − 1 such that
W S ∩ I2K =
uS⊕
i=1
21−ai ⊕
g+m′S−1⊕
i=uS+1
f di(3.1)
Corollary 3.9. If the elements a1     ac+l+S +mS  f , duS+1     dg+m′S−1
are chosen as above, then
W S =
c+l+S +mS⊕
i=1
1−ai ⊕
g+m′S−1⊕
i=uS+1
f di
4. STRUCTURE OF THE GROUP W S
In this section we describe the structure of the group W S. Assume S
is a Hasse set on global ﬁeld K and a1     ac+l+S +mS  f duS+1     dg+m′S−1
are as in the previous section.
First we consider the case when the ﬁeld K is nonreal.
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The dimension-index homomorphism produces exact sequence
0 −→ IS −→ W S −→ /2 −→ 0
From Corollary 3.9 we obtain the following
Corollary 4.1. The group W S is a ﬁnite abelian group of order
2c+g+mS+l
+
S +m′S .
Theorem 4.2.
(i) If s(K) = 4, then
W S = 1 ⊕
c+l+S +mS⊕
i=2
1−ai ⊕
g+m′S−1⊕
i=uS+1
f di
∼= /8⊕ /4uS−1 ⊕ /2c+g+l+S +mS+m′S−2uS−1
(ii) If sK = 2, then
W S = 1 ⊕
c+l+S +mS−1⊕
i=1
1−ai ⊕
g+m′S−1⊕
i=uS+1
f di
∼= /4uS+1 ⊕ /2c+g+l+S +mS+m′S−2uS−2
(iii) If sK = 1, then
W S = 1 ⊕
c+l+S +mS⊕
i=1
1−ai ⊕
g+m′S−1⊕
i=1
f di
∼= /2c+g+l+S +mS+m′S 
Proof. The order of 1 is equal to 2sK. For every ϕ ∈ W S
there exists n ∈ 0 1 such that the element ϕ − n1 belongs to IS .
Moreover, IS ∩ 1 = 1 1. Therefore the statement follows from
Corollary 3.9
Example 4.3. Let K = qX and S = 1     m be as in
Example 2.3. Assume that sK = 2. We describe the structure of W S .
(i) First we consider the case when gcddeg 1     deg m) is odd.
We denote by µ = µS the number of primes in S having odd degree and
assume that 1     µ−1 m are all such primes. For every i ∈ 1    m−
1 there exists ai ∈ K˙ such that
ord	 ai =

deg m if 	 = i,
− deg i if 	 = m,
0 if 	 ∈ K\i m.
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It is easy to check that the set a1     am−1 am = −1 forms a basis of
ES/K
2.
For every prime 	 of K the corresponding completion K	 is a ﬁeld of
power series with coefﬁcients in a ﬁnite ﬁeld K	, where K	 is a ﬁnite exten-
sion of the ﬁeld q of degree deg 	. Therefore, −1 ∈ K˙2	 iff deg 	 is even.
Thus −1 aii = −1deg i and −1 aji = 1 for all i j ∈ 1    m− 1,
i = j. This observation shows that the set a1     aµ−1 forms a basis of
ES/DS , so uS = µ− 1. According to Theorem 4.2 we have
W S = 1 ⊕
m−1⊕
i=1
1−ai ⊕
m−1⊕
i=µ+1
f di
∼= /4µ+1 ⊕ /22m−µ−1
where f di are chosen as in Corollary 3.9.
(ii) Now consider the case when deg i is even for i = 1    m.
Choose any prime 0 ∈ K of degree 1. For every i ∈ 1    m there
is an element ai ∈ K satisfying
ord	 ai =

1 if 	 = i,
− deg i if 	 = 0,
0 if 	 ∈ K\i 0.
The set a1     am am+1 = −1 forms a basis of ES/K˙2. By assumption
−1 is a local square at i (because deg 1 is even) for i = 1    m. In
particular ES = DS , so uS = 0. Therefore we have decomposition
W s = 1 ⊕
m−1⊕
i=1
1−ai ⊕
m−1⊕
i=1
f di ∼= /4 ⊕ /22m−2
where f di are chosen as in Corollary 3.9.
Now we assume K is formally real.
We shall denote by ρS = ρSK the 2-rank of the group ES/E+S ; then we
have ρS = r − l+S − lS, according to (2.1) and (2.2).
Lemma 4.4. If l+S > lS , then there exists an element e ∈ K˙ and a ﬁnite
prime 0 ∈ S ∪2 such that −e ∈ E+S and e is nonsquare in K0 .
Proof. If −1 ∈ K˙2 for some ﬁnite prime  ∈ S ∪ 2, then we take
e = −1.
Assume −1 ∈ K˙2 for every ﬁnite prime  ∈ S ∪ 2 and denote S1 =
S ∪2. Of course lS1 ≤ lS . By Lemma 2.1 we have rk2QS1/K˙2 = lS1 . Thus
from equality (2.2) it follows that rk2 E
+
S /QS1 ≥ l+S − lS1 > 0.
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Lemma 4.5. Let R be any ﬁnite set of primes of K and v ∈ K˙ for every
 ∈ R. Then there exists an element q ∈ K˙ and a nondyadic prime 	 ∈ R such
that
(1) q = v mod K˙2 for every prime  ∈ R,
(2) ord	 q = 1,
(3) ord q = 0 for every prime  ∈ R ∪ 	.
Proof. This follows from [8, Lemma 2.1].
Now we proceed to determining the structure of W S . Let ∞1    ∞r
be all the inﬁnite real primes of K, and let σ∞i 	 WK → r be the signature
homomorphism at ∞i; then we set σ = σ∞i      σ∞r . For a ∈ K˙, we will
denote by sign∞ia the sign of the element a in the ordering determined
by the real prime ∞i. After renumbering the inﬁnite primes if necessary
we ﬁnd elements b1 = −1 b2     bρS in ES whose cosets form a basis
of ES/E
+
S and sign∞i bi = −1, sign∞j bi = 1 for all i ∈ 2     ρS j ∈1     ρS i = j.
When ρS < r we ﬁx an element e ∈ ES , a ﬁnite prime 0 ∈ S ∪ 2,
and v ∈ K˙0 such that −e ∈ E+S  e ∈ K˙20 , and e v0 = −1. For every
i ∈ ρS + 1     r we choose (using the Lemma 4.5) an element qi ∈ K˙
and prime 	i /∈ S ∪2 which satify the following conditions:
(1) sign∞iqi = −1, sign∞j qi = 1, for j = 1     r j = i;
(2) qi = v mod K˙20 ;
(3) qi = 1 mod K˙2 , for every prime  ∈ S ∪2,  = 0;
(4) ord	i qi = 1;
(5) ord qi = 0, for every prime  /∈ S ∪2 ∪ 	i.
Claim 4.6. qi−eqi ∈ W S for every i ∈ ρS + 1     r.
Proof. The properties (1)–(5) imply the following equalities of Hilbert
symbols:
qi−eqi∞i = −1,
qi−eqi0 = qi e0 = −1,
qi−eqi = 1, for every prime  = ∞i 0 	i.
The Hilbert reciprocity implies qi e	i = qi−eqi	i = 1 so −e is a local
square at 	i. Now the claim follows directly from Lemma 3.3.
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Theorem 4.7. If the elements b2     bρS  qρS+1     qr are chosen as
above, then
W S = 1 ⊕
ρS⊕
i=2
1−bi ⊕
r⊕
i=ρS+1
qi−eqi ⊕W S
∼= r ⊕W S
Proof. Assume ϕ ∈ W S . There exist numbers n1     nρS ∈  such that
σ∞iϕ− n11 −
ρS+1∑
i=2
ni1−bi = 0
for every i ∈ 1     ρS. Thus the form ψ = ϕ − n11 −
∑ρS
i=1 ni1−bi
belongs to IS and its discriminant is positive at ∞i for every i ∈
1     ρS. Since discψ belongs to ES (according to Proposition 3.1)
and b1     bρS form a basis of ES/E
+
S , disc ϕ1 is totally positive. Using
the simple observation that sign∞idiscψ = −1
1
2σ∞i ψ, we deduce that
σ∞iϕ1 is divisible by 4 for every i ∈ ρS + 1     r. Now there exist
numbers nρS+1     nr ∈  such that
σ∞i
(
ψ−
r∑
i=ρS+1
ni−1−1 qi−eqi
)
= 0
for i = 1     r.
Summarizing we have shown that σ1 σ1−b2     σ1−bρS
σqρS+1−eqρS+1     σqr−eqr generate the group σW S. It is
easy to verify that those generators are free generators of σW S.
To ﬁnish the proof it is sufﬁcient to observe that the exact sequence
0 −→ W S −→ W S
σ−→ σW S −→ 0
splits.
Corollary 4.8. σW S = σWK if and only if rk2 CS = rk2 C+S .
Theorems 4.2 and 4.7 with Corollary 3.9 determine completely the struc-
ture of the group W S . To determine the ring structure it is sufﬁcient to
describe the products of the generators of cyclic summands W S .
Now we will describe the products of the generators of W S occuring in
the decomposition of the group W S . To simplify the notation we will write
ϕi = 1−ai, i = 1     c + l+S +mS , φi = f di, i = uS + 1     g +
m′S − 1, αi = HS2ϕi, i = 1     uS , and αi = HS2φi, i = uS + 1     g+
m′S − 1.
We start with determination of the product of the generators of W S.
The products ϕiφj , φiφk belong to W S ∩ I2K, so they are equal to 0.
witt rings of hasse domains 617
It is easily seen that the product ϕiϕj belongs to the group W S ∩ I2K.
So it is completely determined by the value of HSϕiϕj ∈ 2S , according
to Proposition 3.5. The elements α1     αg+m′S−1 form a basis of the group
2S . Hence, if
HSϕiϕj =
uS∏
i=1
α
ki
i ·
g+m′S−1∏
j=u+1
α
k′j
j 
where ki k
′
j ∈ 0 1, then we have
ϕiϕj =
uS∑
i=1
2kiϕi +
g+m′S−1∑
j=uS+1
k′jφj
The above gives the complete description of the product of the generators
of W S occurring in Theorem 4.2.
Now assume K is formally real and denote ψi = 1−bi i =
1     ρSwi = qi eqi i = ρS + 1     r.
The products ψiφjwiφj belong to W S ∩ I3K = 0, so they are all
equal to 0. The products ψiϕjwiϕj belong to W S ∩ I2K and are deter-
mined by the values of HSψiϕj and HSwiϕj, respectively, similarly as
above.
Every element of γ ∈ IS is uniquely determined by σγ ∈ r , discγ ∈
ES/K˙
2, and HSγ ∈ 2S . This observation gives a method of description for
the products ψiψj ψiwj , and wiwj . To illustrate this method we determine
in detail the product ψiψj = −bi−bj, for i = j. It is easy to verify that
σ−bi−bj =
r∑
k=ρS+1
xkσ21 −wk
where xk = 141 − sign∞kbi1 − sign∞kbj. Thus the form ϑ =bi bj −
∑
k xk21 − wk belongs to W S and so discϑ =
−e∑xk ∈ E+S /K˙2. Let discϑ = ∏c+l+S +mSn=1 ak′nn , where k′n ∈ 0 1. Then
the form ϑ1 = ϑ −
∑c+l+S +mS
n=1 k
′
n1−an is an element of W S ∩ I2K
and it is completely determined by the value Hϑ1 ∈ 2S . Therefore, if
HSϑ1 =
∏uS
?=1 α
y?
? ·
∏g+m′S−1
?=u+1 α
z?
? , where y? z? ∈ 0 1, then
ψiψj =
r∑
k=ρS+1
2xk1 −
r∑
k=ρS+1
xkwk +
c+l+S +mS∑
n=1
k′nϕn
+
uS∑
?=1
2y?ϕ? +
g+m′S−1∑
?=uS+1
z?φ?
The determination of the products ψiwj and wiwi and can be obtained
in a similar way.
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Example 4.9. Let K = 
√+, where + is a square-free integer and
let p1     pν be all pairwise distinct prime divisors of the discriminant of
K. We use the same notation as in Example 2.4.
(i) Assume that + < 0 and + ≡ 5 (mod 8). We agree that p1     pk
are congruent to 3 mod 4 and pk+1     pν are congruent to 1 mod 4.
Of course k ≥ 1 and k is odd, by assumption. Let S be the set of all
inﬁnite or ramiﬁed primes of K; i.e., S = ∞K ∪ 1     ν, where
i  pi. Then ηS = ν − 1, by the Gauss genus theorem; hence rk2 ES/K˙2 =
ν + 1. It is easy to see that the set −1√+p1     pν−1 forms a basis
of ES/K˙2. For every i ∈ 1     ν the ﬁeld Ki is a quadratic extension of

pi , so x yi = 1 and x
√
+i = x−+pi for all x y ∈ 
∗. In the same
way we show that x y0 = 1 and x
√
+0 = x−+2 for all x y ∈ 
∗,
where 0 is the unique dyadic prime of K. In particular −1
√
+i = −1
for i = 1     k −1√+i = 1 for i = k + 1     ν, and −1
√
+0 =
−1−+2 = −1. Therefore uS = 1, the set 
√
+ is a basis of ES/DS , and
−1 p1     pν−1 ⊆ DS . The element
√
+ is a nonsquare at all i ∈ S.
Using Proposition 3.5 we choose elements d1     dν−1 ∈ K˙ such that

√
+ di	 =
{−1 when 	 ∈ i 	ν,
1 otherwise.
According to Theorem 4.2 we have
W S = 1 ⊕ 1−
√
+ ⊕
ν−1⊕
i=1
1−pi ⊕
ν−1⊕
i=1

√
+ di
∼= /42 ⊕ /22ν−2
The products √+ di · 
√
+ dj 
√
+ di · 1−pi, and
√+ di · 1−
√
+ vanish, because I3K = 0. Since HS−pi−pj =
1, the products 1−pi · 1−pj are equal to 0. Of course 1−
√
+ ·
1−√+ = 21−√+. It is not difﬁcult to see that the product
1−√+ · 1−pi is equal to
60 · 21−
√
+ +
k∑
j=1
6j − 60
√
+ di +
ν−1∑
j=k+1
6j
√
+ di
where 60     6ν−1 ∈ 0 1 are determined by the equalities −160 =
√+pi0 = −+pi2 and −16j = 
√
+pij = −+pij for
j = 1     ν − 1.
(ii) Now assume that + > 0 + ≡ 1 (mod 8) and −1 ∈ NK−2 ∈
NK. Then the prime numbers p1     pν are congruent to 1 or 3 mod 8
but not all are congruent to 1 mod 8. Let p1 ≡ 3 (mod 8). Consider the set
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S = ∞K ∪ 1 2, where 1 2 are dyadic primes of K. From hypothe-
sis we have ηS = 0 and η+S = 1, so rk2 ES/K˙2 = 2+ ν and rk2E+S /K˙2 = ν,
by Example 2.4.
If −2 = NK/
x, then the norm of ideal 1 · x−1K is equal to 1. Hence
1 · x−1K = J2 · wK for some fractional ideal J and w ∈ 
+ (see [3,
Lemma 3.1]). The element b = wx is S-singular and Nk/
b < 0. Multi-
plying b by 2, p1, or 2p1, if necessary, we can assume that bp11 = 1
and b 21 = 1. The set −1−b forms a basis of ES/E+S . The equalities−1 p11 = −1 p12 = −1 imply that uS = 1. For i ∈ 2     ν − 1 we
deﬁne
qi =
{
p1pi when p1 ≡ 3 (mod 8),
pi when pi ≡ 1 (mod 8).
The set 2 p1 q2     qν−1 forms a basis for E+S /K˙2 p1 is a basis
E+S /DS , and 2 q2     qν−1 ⊆ DS . According to Theorem 4.7 we have
W S = 1 ⊕ 1−b ⊕ 1−p1 ⊕ 1−2 ⊕
ν−1⊕
i=2
1−qi
∼= 2 ⊕ /4⊕ /2ν−1
The products 1−qi · 1−qj are equal to 0, because
HS−qi−qj = qi qj1 = qi qj2 = 1. The same argument
show that the products 1−2 · 1−qj 1−p1 · 1−qj 1−b ·
1−qj vanish. Let us observe that p1 2p1 = p1 22 = −1 =p1 p12 = p1 p11 ; hence HS−p1−2 = HS−p1−p1,
so 1−p1 · 1−2 = 2 · 1−p1. Of course 1−p1 · 1−p1 =
2 · 1−p1 1−b · 1−b = 2 · 1−b.
Now we proceed to discussing the question of the splitting of 0 →
W S → WK. We use the same method as in [14]. We begin with ﬁnding
the condition for the splitting of 0→ W S → WK.
Theorem 4.10. The subgroup W S is a direct summand of WK
if and only if  2 ·W S  = 2 ·WK ∩W S  .
Proof. The arguments are the same as in the proof of [14, Theorem
2.10]
Theorem 4.11. Let δS ≥ 0 be the number of ﬁnite primes  ∈ S ∪ 2
for which −1 is nonsquare in K. Then the subgroup W S is a direct
summand of WK if and only if δS = 0 or uS = δS − 1.
Proof. First observe that  2 ·W S  = uS , by Proposition 3.8.
Let      g+m′S be the set of all ﬁnite primes of S ∪2, and assume
that −1 is local nonsquare at i for i = 1     δS and −1 ∈ K˙2i for
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i = δS + 1     r. According to [14, Proposition 2.6(a)] and Lemma 3.4
every element of the group 2 · WK ∩ W S is of the form 21−x =
1−x for a unique xK˙2 ∈ K+/K˙2 and −1 x	 = 1 for every prime
	 ∈ S ∪2. If δS = 0 or 1 then also −1 x = 1 for every  ∈ S ∪2, so
21−x = 0. Therefore in this case we have  2 ·WK ∩W S  = 0 and
on the other hand uS = 0, because E+S = DS by (2.4).
Now assume that δS > 1. The correspondence
21−x →
(
−1 x1     −1 xδS−1
)
deﬁnes the group homomorphism 2 ·WK ∩W S → ±1δS−1. A similar
argument as in the proof of Proposition 3.5 shows that this homomorphism
is a group isomorphism.
Theorem 4.12. Assume δS is as in the previous theorem.
(i) If K is nonreal, then W S is a direct summand of WK if and only
if δS = 0 or uS = δS − 1.
(ii) If K is real, then W S is a direct summand of WK if and only if
(a) δS = 0 or uS = δS − 1 and
(b) l+S = lS .
Proof. (i) Using the same argument as in the proof of [14, Theorem
3.6] we show that 0→ W S → WK splits if and only if 0→ W S →
WK splits. Thus the statement (i) follows from Theorem 4.9.
(ii) The arguments are similar as in the proof of [14, Corollary
3.3].
Example 4.13. Let K = qX and S = 1     m be as in Exam-
ples 2.3 and 4.3. We use the same assumption and notation as in
Example 4.3. Assume δS is as in Theorem 4.11. The same considera-
tion as in Example 4.3. shows that δS = 0 when gcd1     m is even
and δS = µS = µS + 1 otherwise. Thus W S is a direct summand of WK
by Theorem 4.12.
Example 4.14. (i) We examine the splitting of 0 → W S → WK in
the situation considered in the Example 4.9(i). It is not difﬁcult to observe
that −1 is a local nonsquare at 1     k, is also a local nonsquare at
dyadic prime 0, and is a local square at k+1     ν. Thus δS = k+ 1. On
the other hand, as we have seen in the Example 4.9(i), uS = 1. Therefore
Theorem 4.12(i) states that W S is a direct summand of WK if and only if
k = 1 (i.e., K = 
√−p1     pν, where p1 is a prime number congruent
to 3 mod 4 and p2     pν are prime numbers congruent to 1 mod 4).
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(ii) Now we proceed to discussing the question of the splitting of 0 →
W S → WK in the case considered in the Example 4.9(ii). In this case −1
is a nonsquare in Ki for i = 1 2 so δS = 2. Since, as we have shown in
Example 4.9(ii), uS = 1 and l+S − lS = 2− rk2 ES/E+S = 0, Theorem 4.12(ii)
implies that W S is a direct summand of WK.
5. MATCHING WITTS WITH HASSE DOMAINS
The description of Witt rings of Hasse domains presented in the previous
section allows us to ﬁnd a certain sufﬁcient condition for the isomorphism
of Witt rings of Hasse domains of global ﬁelds. For the Hasse set S on a
global ﬁeld K we will use the following notation
Snc = S \  ∈ K 	  is complex 
Theorem 5.1. Let S and S′ be Hasse sets on global ﬁelds K and L, respec-
tively, and assume that there exists a bijection
E 	 Snc ∪2K → S′nc ∪2L
and a group isomorphism
θ 	 ESK/K˙2 → ES′ L/L˙2
satisfying the following conditions
(1)  is dyadic ⇐⇒ E is dyadic.
(2)  is real ⇐⇒ E is real.
(3) θ−1 = −1.
(4) −1 ∈ K˙2 ⇐⇒ −1 ∈ L˙2E for every ﬁnite prime  ∈ S ∪2K.
(5) x y = θx θyE for all x y ∈ ES and  ∈ S ∪2K.
Then there exists a ring isomorphism W SK ∼= W S′ L which takes one-
dimensional forms in W SK to one-dimensional forms in W S′ L.
Proof. By assumption we have gK = gL 	= g, rK = rL 	= r,
mS = mS′ , m′S = m′S′ and the conditions (3),(4) imply that the isomorphism
θ induces the following group isomorphisms:
E+S /K˙
2 ∼= E+S′/L˙2 DS/K˙2 ∼= DS′/L˙2 ES/E+S ∼= ES′/E+S′ 
In particular cK + l+S = cL + l+S′ uS = uS′ , and ρS = ρS′ . Assume
a1     cc+l+S +mS  f duS+1     dg+m′S−1 ∈ K˙ are such as in Section 3.
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Choose elements f ′ d′uS+1     d
′
g+m′S−1 in L˙ such that
(i) f ′ d′iE = f di for  ∈ Snc ∪2K,
(ii) f ′ d′i = 1 for every prime 	 ∈ S′nc ∪2L.
The same consideration as in Section 3 shows that
W S′  =
cL+l+
S′ +mS⊕
i=1
1−θai ⊕
g+m′S−1⊕
i=uS+1
f ′ d′i
and there exists a group isomorphism G 	 W S → W S′  such that
G1−ai = 1−θaiGf−di = f ′−d′i.
When KL are nonreal the condition (4) implies that the ﬁelds K and
L have the same level. We extend the homomorphism G to a group homo-
morphism H 	 W S → W S′ , putting Hn1 + ψ = n1 +Gψ (where
ψ ∈ W S).
Now we assume K is formally real and b2     bρS are as in Section 4.
From (4) it follows that the isomorphism θ preserves the sign of elements
at corresponding real primes. In particular sign∞ibj = sign*∞i θbj for i =
1     ρS j = 1     r.
If ρS < r, then there exist e ∈ K˙, e′ ∈ L˙, and ﬁnite primes 0 ∈ S ∪2K,
′0 ∈ S′ ∪ 2L such that −e and −e′ are totally positive and e ∈ K˙20 ,
e′ ∈ L˙2′0 .
We claim that we can choose the elements e e′ and primes 0, 
′
0 in such
a way that E0 = ′0 and θe = e′. Indeed, if −1 ∈ K˙20 for a ﬁnite prime
0, then we take e = −1 = e′ and ′0 = E0. Assume −1 is a local square
at each ﬁnite prime  ∈ S ∪2K. If there exist −e ∈ E+S , x ∈ ES , and a
ﬁnite prime 0 ∈ S ∪2K such that e x0 = −1, then θe θxE0 = −1.
Hence e and θe are local nonsquares at 0 and E0, respectively. It remains
to consider the case when −1 is a local square at each ﬁnite prime  ∈
S ∪2K and x y = 1 for every x ∈ E+S , y ∈ ES and ﬁnite prime  ∈ S ∪
2K. According to Lemma 4.4 there exist e ∈ K˙, e′ ∈ L˙ and ﬁnite primes
0 ∈ S ∪2K, ′0 ∈ S′ ∪2L such that −e and −e′ are totally positive
and e ∈ K˙20 , e′ ∈ L˙2′0 . By a simple modiﬁcation of the bijection E on the set
of ﬁnite primes and the isomorphism θ on the subgroup E+S /K˙
2 we obtain
the bijection E′ 	 S ∪ 2K → S′ ∪ 2L and the group isomorphism
θ′ 	 ESK/K˙2 → ES′ L/L˙2 which satisfy (1)–(5) and θe = e′, E0 = ′0.
We construct elements qρs+1     qr ∈ K˙ as in Section 4. Using the same
construction we ﬁnd elements q′ρs+1     q
′
r ∈ L˙ such that
W S′ = 1 ⊕
ρs⊕
i=2
1−θbi ⊕
r⊕
i=ρs+1
q′i−e′q′i ⊕W S′ 
and sign∞i qj = signE∞i q′j for i = ρs + 1     r, j = 1     r.
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We deﬁne a group isomorphism H 	 W S → W S′ putting H1 = 1,
H1−bi = 1−θbi, Hqi−eqi = q′i−e′q′i, and Hψ = Gψ
for every ψ ∈ W S.
It is easy to see that the following equalities hold:
(a) dimϕ = dimHϕ,
(b) θdisc ϕ = disc Hϕ,
(c) hϕ = hEHϕ, for every ﬁnite prime  ∈ S ∪2K,
(d) σ∞iϕ = σE∞iHϕ, for i = 1     r
(e) hϕψ = hEHϕHψ, for every ﬁnite prime  ∈ S ∪2K,
(f) σ∞iϕψ = σE∞iHϕHψ, for i = 1     r
for all generators ϕ, ψ of W S occurring in Theorem 4.2 and Theorem 4.6.
Hence the equalities (b), (c), and (d) hold also for every element ω ∈ W S .
Now we prove that the isomorphism H is a ring isomorphism. For this it
sufﬁces to show that the isomorphism H sends the product of generators to
the product of its images. This is clear when one of these generators is 1.
Assume ϕ, ψ are the generators of W S belonging to IS . Then Hϕψ
belongs to I2L and is uniquely determined by all the Witt invariants and
all signatures. For every ﬁnite prime  ∈ S ∪2K and i ∈ 1     r we
have
h*Hϕψ = hϕψ = hEHϕHψ
and
σ*∞iHϕψ = σ∞iϕψ = σE∞iHϕHψ
Moreover, h	Hϕψ = 1 = h	HϕHψ for every prime 	 ∈ S′ ∪
2L. Thus Hϕψ = HϕHψ.
Theorem 5.1 allows us to construct an example of number ﬁelds having
distinct degrees over 
 but isomorphic Witt rings of their rings of integers.
Example 5.2. (i) Let K = 
√−p, L = 
√−2√2q, where p q
are prime numbers, p ≡ 1mod 4, q ≡ 3mod 8 and S = ∞K, S′ =
∞L. Of course SK = K , S′ L = L and cK = 1, cL = 2. It is
easy to see that both K and L have a unique dyadic prime and 2 ramiﬁes
in both K and L. According to Gauss’s genus theorem we have lSK = 1
and [2, Theorem 20.3] states that the class number of L is odd; hence
lS′ L = 0. Thus rk2 ESK/K˙2 = rk2 ES′ LL˙2 = 2. Denote by 0 and ′0
the unique dyadic primes in K and L, respectively. We put E0 = ′0. One
can check directly that −1 is nonsquare in both K0 and L′0 . Therefore
there exists a group isomorphism θ 	 rk2 ESK/K˙2 → rk2 ES′ L/L˙2 satis-
fying the conditions (1)–(4) of Theorem 5.1. By Hilbert reciprocity we have
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x y0 = 1 = θx θy′0 for all x y ∈ ESK. According to Theorem 5.1
there exists a ring isomorphism W K ∼= W L which takes one-dimensional
forms in W K to one-dimensional forms in W L.
(ii) Let K = 
√−p1p2 L = 

√−2 √q, where p1 p2 q are
prime numbers congruent to 1, 3, 5, mod 8, respectively. Then 2 remains
prime in K and 2 is a square of prime in the ﬁeld L. Denote by 0 
′
0
the unique dyadic prime of K and L respectively. Let S = ∞K ∪ 0
and S′ = ∞L ∪ ′0. The 2-rank of ideal class group of K is equal
to 1, by Gauss’s genus theorem, and the class number of L is odd,
by [2, Theorem 20.3]. The ideals 0 and 
′
0 are principal in K and
L, respectively. Thus lSK = 1 lS′ L = 0, and so rk2 ESK/K˙2 =
rk2 ES′ L/L˙2 = 3. It is easy to verify that −1 is local nonsquare at both
0 and 
′
0. Similarly as above we obtain a bijection E 	 S → S′ and a
group isomorphism θ 	 rk2 ESK/K˙2 → rk2 ES′ L/L˙2 satisfying the con-
ditions (1)–(5) of Theorem 5.1. Therefore, there exists a ring isomorphism
W SK ∼= W S′ L which takes one-dimensional forms in W SK to
one-dimensional forms in W S′ L.
It is an open question whether the conditions in Theorem 5.1 are also
necessary for the isomorphism of Witt rings of these domains.
On the other hand, when we consider only the isomorphisms of Witt
rings of Hasse domains induced by the isomorphisms of Witt rings of cor-
responding global ﬁelds, we can solve completely the problem in terms of
local conditions. We proceed to the discussion of necessary and sufﬁcient
conditions for the existence of isomorphisms of Witt rings of Hasse domains
induced by isomorphisms of Witt rings of their ﬁelds of fractions.
Assume K and L are global ﬁelds. We say that the isomorphism φ 	
WK → WL of Witt rings is strong when φ takes the unary classes of WK
to the unary classes of WL. It is known that a strong isomorphism of Witt
rings of Witt equivalent ﬁelds always exists (see [11]).
We will use the notion of Hilbert symbol equivalence.
Recall that a Hilbert symbol equivalence between K and L is a pair of
maps t T  where
t 	 K˙/K˙2 −→ L˙/L˙2
is group isomorphism and
T 	 K −→ L
is a bijection of the set of all primes of K onto the set of all primes of L,
preserving Hilbert symbols in the sense that
a b = ta tbT
for all a b ∈ K˙/K˙2 and  ∈ K.
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From [11] it follows that with every strong isomorphism φ 	 WK → WL
there is associated a Hilbert symbol equivalence tφ Tφ. The group iso-
morphism tφ 	 K˙/K˙2 → L˙/L˙2 is canonically induced by φ (by formula
φa = tφa and the bijection Tφ is uniquely determined at all non-
complex primes of K. On the other hand every Hilbert symbol equiv-
alence t T  between K and L determines a strong ring isomorphism
φt 	 WK → WL such that tφt = t.
The Hilbert-symbol equivalence t T  is said to be tame at  if
ord a ≡ ordT ta (mod 2)
for all a ∈ K˙/K˙2.
Assume S is a Hasse set on K. The Hilbert-symbol equivalence t T  is
said to be S-tame if it is tame at every prime  /∈ S.
When the equivalence t T  is S-tame then for every prime  /∈ S the
isomorphism φt 	 WK → WL induces a ring isomorphism φ¯ 	 W K →
WLT (see [4]) and we have the following commutative diagram
0 −→ W S −→ WK
∂S−→ ∐
/∈S
W K −→ CS/C2S −→ 1 φt φ¯t 
0 −→ W TS −→ WL
∂TS−→ ∐
/∈TS
WLT −→ CTS/C2TS −→ 1
where φ¯t =
∐
/∈S φ¯. In particular we have φW S = W TS .
If t T  is a Hilbert symbol equivalence, then the bijection T sends the
inﬁnite, dyadic primes of K, to inﬁnite, dyadic primes of L, respectively
(cf. [11]). Hence if S is a Hasse set on K, then TS is a Hasse set on L.
Deﬁnition 5.3. Let S be a Hasse set on K. The Hilbert symbol equiv-
alence t T  between K and L is said to be S-integral if tESK/K˙2 =
ETSL/L˙2.
Theorem 5.4. Assume S is a Hasse set on K, φ is a strong isomorphism
of the Witt rings WK amd WL, and t T  is the Hilbert symbol equivalence
associated with φ. Then φW SK = W TSL if and only if the equiva-
lence t T  is S-integral.
Proof. ⇒ Let a ∈ ES , then a ∈ W S , by Proposition 3.1. Thus
ta = φa ∈ W TS (by assumption), and so ta ∈ ETS . This proves the
inclusion tES/K˙2 ⊂ ETS/L˙2.
For the reverse inclusion, it sufﬁces to consider the Hilbert symbol equiv-
alence t−1 T−1, which is associated with the isomorphism φ−1.
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⇐ Let us observe that the isomorphism φ sends the generators of
W S occurring in Theorems 4.2 and 4.6, onto elements of the group W TS .
Indeed, φ1−ai = 1−tai belongs to W TS , because tai ∈ ETS . For
every prime 	 /∈ TS ∪ 2L we have 	 = T, where  /∈ S ∪ 2K and
−tf−tdi	 = −f−di = 1. Hence φf di = tf tdi ∈ W TS , by
Lemma 3.4. In the case when K and L are real, we have φqi−eqi =
tqi−tetqi, where te ∈ ETS . For every prime  /∈ S ∪ 2K we have
tqi teT = qi e = 1, so tqi−tetqi belongs to W TS , by Lemma 3.3.
Of course φ1−bi = 1−tbi ∈ W TS . Therefore we have the inclu-
sion φW S ⊂ W TS .
The Hilbert symbol equivalence t−1 T−1 is TS-integral and induces
the isomorphism φ−1 	 WL → WK. From the above it follows that
φ−1W TS ⊂ W S . As a result we obtain φW S = W TS .
Now we prove a sufﬁcient condition for the existence of S-integral Hilbert
symbol equivalence of global ﬁelds.
Theorem 5.5. Let KL be global ﬁelds, S be a Hasse set on K,
T 	 S ∪2K −→ TS ∪2L
be a bijection, and
t 	 ESK/K˙2 −→ ETSL/L˙2
be a group isomorphism satisfying the following conditions:
(1)  is ﬁnite ⇐⇒ T is ﬁnite.
(2)  is real ⇐⇒ T is real.
(3)  is dyadic ⇐⇒ T is dyadic and K 	 
2 = LT 	 
2.
(4) t−1 = −1.
(5) x ∈ K˙2 ⇐⇒ tx ∈ L˙2T, for all x ∈ ESK and  ∈ S ∪2K.
(6) x y = tx tyT for all x y ∈ ESK and  ∈ S ∪2K.
Then the maps t T can be extended to an S-integral Hilbert symbol equiv-
alence between K and L.
Moreover, if 2 ⊂ S then the extension can always be chosen to be S-tame.
Proof. Assume t and T are maps satisfying (1)–(6) and denote S1 = S ∪
2K. The isomorphism t induces the isomorphism QS1/K˙2 ∼= QTS1/L˙2;
hence lS1 = lTS1 , by Lemma 2.1. Write m = mS1 and l = lS1 . Let Bk =
f1     fm e1     el be a basis of ES/K˙2 such that e1     el ∈ QS1 and
e1 = −1 or f1 = −1 depending on whether −1 belongs to QS1 or not. Then
BL˙ = tf1     tfm te1     tel is a basis of ETS/K˙2 and te1     tel ∈
QTS1 .
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Using [10, 68.17] we choose primes 	1     	l ∈ S1 of K and 	′1     	′l /∈
TS1 in L such that(
ei
	i
)
=
(
tei
	′i
)
= −1
(
x
	i
)
=
(
tx
	′i
)
= 1
for each x ∈ BK\ei, i = 1 2     l.
Let S2 = S1 ∪ 	1     	l and S′2 = TS1 ∪ 	′1     	′l. From Lemma 2.1
it follows that rk2 CS2 = rk2 CS′2 = 0; hence the sets S2 and S′2 are sufﬁciently
large in K and L, respectively. We extend T to a map T 	 S2 → S′2 by putting
T 	i = 	′i. The assumption and our choice of 	i 	′i implies that t induces
a group isomorphism
t 	 EsK˙/K˙2 −→ ETSL˙/L˙2T
for each  ∈ S2.
From [3, Lemma 2.9] it follows that for  ∈ S2 the group isomorphism
t can be extended to a group isomorphism t 	 K˙/K˙2 −→ L˙T/L˙2T in a
Hilbert symbol preserving way. Let
τS2 	
∏
∈S2
K˙/K˙
2
 −→
∏
T∈S′2
L˙T/L˙
2
T
be the product of isomorphisms t for  ∈ SS2 . We have the following
diagram
0 −→ ES −→ US2K/US2K2
diag−→ M∈S2K˙/K˙2t τS2
0 −→ ETS −→ US′2L/US′2L2
diag−→ MT∈S′2L˙T/L˙2T
According to [1] we put
HS2=α∈US2K/US2K2+ τS2diagα∈diagUS′2L/US′2L2
We have τS2diaga = diagta for each a ∈ Es/K˙2. Therefore the group
ES is a subgroup of HS2 . Using [1, Obstruction-Killing Lemma] we can
construct, in a ﬁnite number of steps, sufﬁciently large sets of primes Sn S′n
of K and L, respectively and the bijection T̂ 	 Sn → S′n with the following
properties:
(a) S2 ⊂ Sn S′2 ⊂ S′n,
(b) HS2 ⊂ HSn ,
(c) HSn = USnK/USnK2,
(d) T̂  S2 = T .
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Then there exists a unique isomorphism tˆ 	 USnK/USnK2 → US′nL/
US′nL2, such that τSndiagα = diagtˆα for every α ∈ USnK/USnK2.
In particular ta = tˆa for every a ∈ ES/K˙2.
Thus we have a small Sn-equivalence which can be extended to Sn-tame
equivalence t˜ T˜  of K and L, by [11, Theorem 2]. The equivalence t˜ T˜ 
is S-integral, because t˜ES/K˙2 = tES/K˙2 = ETS/L˙2.
Now assume 2 ⊂ S; then S1 = S. The group ES/K˙2 is a subgroup of
the group ES2/K˙
2 and both have the same rank, by (2.1). Hence ES/K˙2 =
ES2/K˙
2, so ES/K˙2 = US2/U2S2 , by Corollary 2.2. Therefore we can assume
Sn = S2, so the equivalence t˜ T˜  is S2-tame. For every i ∈ 1     l and
x ∈ K˙ the equality
−1ord	ix = ei x	i = tei tx	′i = −1
ord	′i tx
holds; hence the equivalence t˜ T˜  is tame at 	i.
Corollary 5.6. Assume KL are global ﬁelds and S is a Hasse set on K.
There exists an S-integral Hilbert symbol equivalence between K and L if and
only if there exists a bijection map T 	 S ∪2K → TS ∪2L and a group
isomorphism t 	 ES/K˙2 → ETS/L˙2 satisfying the conditions (1)–(6) from the
above theorem.
Proof. If t T  is an S-integral Hilbert symbol equivalence then the
restriction of T to S ∪ 2K and the restriction of t to ES/K˙2 gives the
maps satisfying (1)–(6). The converse follows immediately from the above
theorem.
Corollary 5.7. Assume KL are global ﬁelds and S is a Hasse set
on K containing all dyadic primes of K. Then the following conditions are
equivalent:
(i) There exists an S-integral Hilbert symbol equivalence between K and L.
(ii) There exists an S-tame Hilbert symbol equivalence between K and L.
Example 5.8. Let K = qX L = q′ X be the rational function
ﬁelds over ﬁnite ﬁelds q and q′ , respectively. Assume that −1 is a non-
square in both q and q′ , so sK = sL = 2. Let S =  S′ = ′, where
 and ′ are primes of K and L, respectively having even degrees. Then
the sets −1 a1 and −1 a′1 form a basis of ESK/K˙2 and ES′ L/L˙2,
respectively, where a1 ∈ K˙ a′1 ∈ L˙ are chosen as in Example 4.3(ii). In par-
ticular ord a1 = 1 = ord′ a′1 . Since  and ′ have even degree, −1 is a local
square at both  and ′. Putting T = ′ t−1 = −1 ta1 = a′1 we obtain
a bijection T 	 S → S′ and an isomorphism t 	 ESK/K˙2 → ES′ L/L˙2 sat-
isfying the conditions (1)–(6) of Theorem 5.5. According to this theorem
the maps T t can be extended to an S-integral Hilbert symbol equivalence
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between K and L. By Theorem 5.4 there exists a strong ring isomorphism
φ 	 WK → WL such that φW SK = W S′ L.
Example 5.9. Let K = 
√+ L = 
√+′, where ++′ are square-
free negative integers congruent to 5 mod 8. Assume that the numbers of
pairwise distinct prime divisors of the discriminant of K and L are equal.
Let p1     pν and p
′
1     p
′
ν be all pairwise distinct prime divisors of the
discriminant of K and L, respectively. Assume additionally that
pi ≡ p′i (mod 4) and
(
pj
pi
)
=
(
p′j
p′i
)
(5.1)
for all i j ∈ 1     ν i < j
Let S S′ be the sets of all inﬁnite or ramiﬁed primes of K and L,
respectively i.e., S = ∞K ∪ 1     ν S′ = ∞L ∪ ′1     ′ν,
where i  pi, ′i  p′i. In the same way as in Example 4.9 we show that the
sets −1√+p1     pν−1 and −1
√
+′ p′1     p
′
ν−1 form a basis of
ES/K˙
2 and ES′L˙2, respectively. Consider the bijection T 	 S ∪ 2K →
TS ∪ 2L such that Ti = ′i, for i = 1     ν and T0 = ′0 where
0 
′
0 are the unique dyadic primes of K and L, respectively. Putting
t−1 = −1 t√+ = √+′, and tpi = p′i we obtain a group isomor-
phism t 	 ESK/K˙2 → ETSL/L˙2. Of course the maps T t satisfy (1)–(4)
of Theorem 5.5.
For every i ∈ 1     ν the ﬁeld Ki is a quadratic extension of 
i , so
an integer k is square at i if and only if k or +k is a square in 
pi . From
these observations, it follows that:
(a) −1 ∈ K˙2i ⇔ pi ≡ 1 (mod 4),
(b) pj ∈ K˙2i ⇔
(
pj
pi
)
= 1, when i = j,
(c) pi ∈ K˙2i ⇔
∏
j =i
(
pj
pi
)
·
(
−1
pi
)
= 1
In the same way we show that
(d) −1 ∈ K˙20 ,
(e) pi ∈ K˙20 ⇔ pi ≡ 1 (mod 4).
It is easy to see that
(f)
√
+ ∈ K˙2 for all  ∈ S ∪ 0.
The above statements remain true when we replace K by L S by S′ i
by ′i 0 by 
′
0 pi by p
′
i, and
√
+ by
√
+′. Therefore the conditions (5.1)
and Quadratic Reciprocity Law imply, that T t satisfy (4) of Theorem 5.5.
Using the assumption (5.1), by the same calculation of Hilbert’s symbols
as in Example 4.9(i) it is easy to check that T t satisfy (6) of Theorem 5.5.
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Thus the maps T t can be extended to an S-integral Hilbert symbol equiv-
alence between K and L.
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